This work aims to improve the quality of spatial error concealment by utilizing the low-rank characteristic of natural image blocks. In contrast with the conventional approaches which usually exploit the correlation between neighbor image blocks and boundary pixels to predict the corrupted pixels, this work regards the error concealment as a matrix completion problem. The proposed approach preserves the local texture information by minimizing the nuclear norm, and thus recovers the corrupted image blocks. Furthermore, this work also proposes the edge discontinuity across the boundary pixels should be diminished in the completed pixel matrix. The simulation results will show that the proposed approach indeed improves the quality of error concealment. Compared with the non-normative spatial error concealment of H.264/AVC, the improving gain is about 2 dB of PSNR.
Introduction
The significant improvement in multimedia coding techniques makes the image and video be unimpededly delivered over the internet. Coupled with the rapid growth of communication techniques, high quality video communication is more feasible than before. However, the packet loss in communication might deteriorate the visual effect for such highly compressed content. Accordingly, the error concealment technique is proposed to restore the corrupted Macroblocks(MB) at the decoder site for maintenance of the visual quality. Different from the traditional error resilience techniques e.g. FEC and ARQ, the error concealment is expected to diminish the distortion effect without the overhead information.
There are various kinds of approaches proposed to recreate the original video signal at the decoder. For example, the non-normative error concealment of H.264/AVC [1] mainly includes spatial error concealment for intramode and temporal error concealment for inter-mode. The spatial error concealment [2] [3] exploits the correlation of neighbor MBs to predict the corrupted MB, while the temporal error concealment [4] [5] estimates the motion vectors of lost MBs from reference frames to recover the lost MBs. Generally, spatial error concealment yields a better performance than temporal methods in scenes with high motion, or after a scene change [6] . Accordingly, this work aims to improve the spatial error concealment.
In this work, the error concealment is regarded as a low-rank matrix completion problem with the assumption that the corrupted image blocks have the similar structures with their neighbor blocks. It has been proven that the matrix completion problem can be solved by convex optimization techniques. Accordingly, this work groups a missing block and its corresponding neighbor image blocks into an uncompleted matrix. Once the matrix is completed, the corrupted image block is recovered.
Furthermore, although the low-rank matrix completion preserves the texture information inside the corrupted image block, some recovered image blocks still appear to have the phenomenon of edge discontinuity. This work proposes that this artifact can be cured by a previously proposed method which iteratively minimizes a cost function of the discontinuity by the steepest descent approach. The proposed approach in this work is tested on a video sequence of which image blocks in each frame are randomly corrupted. The concealed quality is compared with the nonnormative spatial error concealment of H.264/AVC.
Low-Rank Matrix Completion
In many areas of engineering and applied science, only partial surveys or measurements are available, and people would like to infer the missing entries. The so-called "matrix completion" problem is accordingly developed to estimate the unknown part of a matrix in which only a limited small number of entries are observed [7] . Certainly, such ill posed problems have infinitely many solutions, and it is impossible to determine which solution is "correct" without any additional constraint. However, in many scenarios, the matrix to be completed essentially has the low-rank characteristic, e.g. the "Netflix Prize" competition, recovering shape and motion under orthography [8] , etc. With this feature, it has been proved that the matrix completion problem can be done by simply solving a convex optimization problem [9] . Since the image blocks often have local repetitive structures and are expected to be a low-rank matrix [10] , this work consequently utilizes the matrix completion to conceal the missing part of image blocks.
Let M ∈ R m×n be the observed matrix which represents an image block, and only the pixels in the subset
The low-rank matrix completion of X can be considered as the following optimization problem:
where the parameter δ controls the tolerable error. The rank minimization is a simple explanation fitting the observed data but not practical, since it is an NP-hard problem for which there are no known algorithm capable of solving it. Candès and Recht [9] considered an alternative approach which minimizes the sum of the singular values instead of number of the singular values (i.e., the rank). The sum is call the nuclear norm:
where σ k (X) is the kth largest singular value of X. Therefore, Eq.(1) can be modified as,
In some situations, Eq. (3) is an effective convex relaxation to Eq.(1). For the matrices of large dimension, Mazumder et al. [11] proposed the equivalent form of Eq.(3) in Lagrange form,
where λ is the parameter regularizing the nuclear norm and ono-to-one mapping to δ in Eq.(3). Furthermore, the authors [11] proposed a SOFT-IMPUTE algorithm which iteratively decreases the object function of Eq.(4). Therefore, this work will apply this algorithm to recover the missing pixels in a corrupted image block. The basic ingredient of SOFT-IMPUTE algorithm is a proven lemma, the soft-thresholding approach proposed by Cai et al. [12] , which approximates the matrix with minimum nuclear norm among all matrices obeying a set of convex constraints. Let the matrix Y be singular-valuedecomposed (SVD) as
where U and V consist of left-singular vectors and right singular vectors, respectively. And, S is a diagonal matrix with singular values on the main diagonal, i.e.,
where r is the rank of Y. According to the softthresholding approach, the solution to the optimization problem
is given byX
where
and t + = max(t, 0). The Frobenius Norm ∥ · ∥ F is defined as the square root of the sum of the absolute squares of its elements.
In SOFT-IMPUTE algorithm [11] , the matrix Y (0) is initially set to the observed matrix M for the pixels in Ω and zero for others, and then iteratively updated by:
The iterations will be terminated when the Frobenius Norm decreasing rate of the difference between two consecutive solutions is less than a predefined threshold ϵ, that is
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Forming Observed Matrix from Image Blocks
Since the block-based image/video coding techniques process an image block as a basic unit, a corrupted image is usually shown as Fig. 3(b) . Therefore, analogous to [13] , this work divides a missing block with size of N × N (say N = 16) into four smaller subblocks (with size of N/2 × N/2). Dao et al. [13] grouped each missing subblock with three upper-left neighbor subblocks to form a new block, which can be regarded as the observed matrix M in this work. That is, each observed matrix M have three quarters of known entries and one fourth of the unknown entries. However in this manner, the recovery process should be conducted in a fixed order such that each formed block has three quarters of known entries, and thus except for the upper-left subblock, the other three subblocks will inevitably take the recovered entries as known. To avoid the error accumulation, this work consequently modified the grouping manner as each subblock can be grouped with the neighbor subblocks in one of the four combinations as shown in Fig. 1 . The selection criterion is the maximization of the known pixels number. For the example in Fig. 1 , a missing image block consists of four subblocks: S 4 , S 5 , S 7 , and S 8 . While recovering the subblock S 5 , the observed 
where | A | denotes the cardinality of A.
Diminishing the Edge Discontinuity
Although the texture information inside the corrupted image block can be preserved by low-rank matrix completion, the edge across the boundary may not be continued. This is because the soft-thresholding approach solves the Eq. (5) without consideration of edge continuity. It is proven [14] that the edge can be well extended across the boundary by minimizing a defined cost function of discontinuity. In [14] , the parametric cost function was defined by the absolute magnitude difference of the gradient in four directions, and represented by the product of a sparse matrix D and a target region which is represented by a column vector. That is,
wherex is the column vector form of the solutionX in Eq. (6) . The coefficient vector c is the projection vector ofx on a set of linearly dependent basis vectors
In this work, the 2D-DCT kernel functions are used as the basis vectors Φ. Then, by the steepest descent approach iteratively, the coefficient vector c is moved towardsĉ = c + δ∆c such that the cost function J in Eq. (9) has a maximum reduction. That is, the moving vector ∆c is
and can be analytically determined by [14] 
Simulation Results
This work uses the "Foreman" CIF video sequence as the test video, which has totally 300 frames and each frame is with size of 352×288. The lost rate of image blocks is 5%, and the lost blocks are randomly distributed in each frame as shown in Fig. 3(b) . In the beginning of SOFT-IMPUTE algorithm, the λ is initially set as the largest singular value. When the iteration procedure is terminated, a smaller λ is used and another iteration procedure is launched. After a sequence of λs arranged in the decreasing order are all used, the matrix completion is done.
To demonstrate the performance of the proposed approach, this work also implements the non-normative spatial error concealment of H.264/AVC for comparison [1] . In [1] , the lost pixel value is reconstructed from its border pixels by averaging with the weight of the inverse distance between the border pixel and the lost pixel. Figure 2 shows the PSNRs comparison of the proposed approach and [1] . Obviously, the proposed approach concealed the corrupted frames and outperformed the approach in [1] , the improving gain is about 2 dB in average. Figure 3 (c) and 3(d) also show the subjective performance of the example frames.
Conclusion
By utilizing the low-rank characteristic of natural image blocks, this work proposes the error concealment can be regarded as a matrix completion problem. A proposed SOFT-IMPUTE algorithm is used to solve the Lagrange form which regularizes the nuclear form. To further improve the visual quality of error concealment, an iterative approach which diminishes the edge discontinuity across the boundary is additionally adopted. The experimental results demonstrate the proposed approach indeed improves the quality compared with the non-normative spatial error concealment of H.264/AVC.
